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Abstract. Let (M,g) be a compact Riemannian manifold of dimension n > 3. Under some 
assumptions, we prove that there exists a positive function ip solution of the following Yamabe 
type equation 

Aip + hip — hip ™- 2 

where h E L P (M), p > n/2 and We give the regularity of ip with respect to the value 

of p. Finally, we consider the results in geometry when g is a singular Riemannian metric and 
h = .J^l^ ) Rg, where R g is the scalar curvature of g. 
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Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. Denote by R g the 
scalar curvature of g. The Yamabe problem is the following: 



Problem 1. Does there exists a constant scalar curvature metric conformal to g? 

. If g = ip 4 ^ n ~ 2 ^g is a conformal metric to g with <p a smooth positive function, then the scalar 

^ ' curvatures R g and R g are related by the following equation: 

(1) ^A^ + ^ = V 



n 



where N = and A g is the geometric Laplacian of the metric g with nonnegative eigenvalues. 
To solve the Yamabe problem, it is equivalent to find a function ip solution of equation above 
where R g is constant. Equation ([T|) is called Yamabe equation. Yamabe [H] stated the following 
functional, defined for any -(/> £ H\(M) — {0} by 

( 2 ) 7 9^) - rar ojt2 
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and he considered the infimum of I g defined as follow 

u(g) = inf IqhP) 

He solved the case when fi(g) is nonpositive. Aubin [1] showed that it was sufficient to solve the 
■ following conjecture: 

Conjecture 2 (Aubin [1]). If (M,g) is not conformal to (S n ,g can ) then 
(3) v(M,g) < fi{S n ,g can ) 

where fi{M,g) = inf{/ g (^), V G fli(M) - {0}} 

It is known that fi(S n , g C an) = K~ 2 (n,2) = \n(n — 2)u^/ n , where co n is the volume of the unit 
sphere S n and K(n, 2) is defined in theorem 13 
In the following, we write instead of fj,(M,g). 

Aubin proved that the conjecture is valid for all smooth compact non conformally flat Rie- 
mannian manifolds of dimension n > 6 and conformally flat manifolds with finite non trivial 
fundamental group. The case of conformally flat manifolds and the dimensions 3,4 and 5 were 
solved by Schoen [9] using positive mass theorem. Hence the conjecture above holds. By works 
of Yamabe [TT], Aubin p] and Schoen [9], the Yamabe problem is completely solved, when the 

l 



manifold is compact and smooth. 

The purpose of this paper is to study the following equation 

n+2 

(4) A q ip + hip = hip"- 2 



where h G L P (M), and We call this kind of equation "Yamabe type equation". We will 

n-2 
4(n-l) " 



give a special consideration for the case h = J 1 



2. Regularity theorems for Yamabe type equations 

Theorem 3. Let f2 be an open subset ofW 1 and L an uniformely elliptic linear operator of the 
second degree, defined by 

(5) L{u) = o-ijdijU + bidiU + hu 

where the coefficients a^, hi and h are real valued bounded functions of class C k with k G N. 
Let u be a weak solution of the equation Lu = /. 

(i) If f e C k > a (n) then u G C k+2 > a {Vl) 

(ii) If f e H p k {n) then u G H% +2 (Sl) 

This theorem is the standard regularity theorem, we can find a proof in the book of Gilbarg and 
Trudinger [7]. 

The following two theorems allow us to find the best regularity for the solution of Yamabe type 
equations. Using the theorem Trudinger [10J Showed that the weak solutions of the Yamabe 
equation ([I]) are smooth. Yamabe [TT| had already used implicitely this theorem. 

Theorem 4. On a n— dimensional compact Riemannian manifold (M,g), if u > is a non 
trivial weak solution in H\(M) of equation A g u + hu = 0, with h G L P (M) and p > n/2, then 
u G C 1 ->/*'W(M) and positive, 
[n/p] is the integer part ofn/p, (3 G (0,1). 

Notice that if u satisfies the assumptions of this theorem, then Au G L P (M). Regularity theorem 
[3] implies that u G H^M) and using Sobolev embedding, we find u G C l ~^ n / p ^{M) 
Theorem U] permits to proof the following theorem: 

Theorem 5. Let (M,g) be n— dimensional compact smooth Riemannian manifold, p and h are 
two reel numbers, with p > n/2. If (p G H\(M) is a non trivial, nonnegative weak solution of 

n+2 

(6) A g ip + hip = hip"- 2 
then cp G Hi (M) C C^W^iM) and <p is positive. 

Proof. It is sufficient to show that there exists e > such that tp G L( £+2n )/( n ^ 2 ) (M). Indeed, if 
(p satisfies the assumptions of theorem and belongs to L <yS+2r ^ / ( n ~ 2 \M) , then it is a solution of 

A g u + (h - h<p™- 2 )u = 

with h — h(p~" =2 ~ G L r (M) and r = min(p, 2n ^ £ ) > n/2. Using theorem [H we deduce that tp 
is positive and continuous. Theorem [3] and Sobolev embedding imply that tp G H P (M) with 
p > n/2. 

Let I be a positive reel number and H, F are two continuous functions in M + denned by: 

if < t < I 
{q-l)l q ) ift>l 

if < t < I 
]ft>l 




, n n(p — 1) 

(7) where 7 = 2q — 1, and 1 < q < —7 - 

p[n — 2) 

ip is positive, belongs to H\(M). H o ip and F o ip belong also to H\(M). Notice that for any 

(8) qH(t) = F(t)F'(t), (F'(t)) 2 < qH'(t) and F 2 (t) > tH(t) 
If <p is a weak solution of equation ([6]) , then 

(9) V^Gffi(M) / Vip-V^dv+ [ hipijdv = h[ ^ N ~ l ^dv 

Jm Jm Jm 

where N = 2n/(n - 2). 

Let us choose ^ = rfHo ip, where 77 is C 1 — function with support in the ball Bp(25) and radius 
25 sufficiently small, such that r\ = 1 on Bp(5). If we substitute in ([9]), we obtain 

(10) / r] 2 H' oip\Vtp\ 2 dv + 2 / T]H o (pV<p ■ Vrjdv = h / <p N ^ rj 2 H o <pdv - I Ivp^Hoipdv 
Jm Jm Jm Jm 

Let / = F o <£> be a function. We estimate the forth integrals above, using function / and 
relations ([8]). We have V/ = F' o <pS/ip, the second relation in ([8]) implies 

|V/| 2 = (F' o v9) 2 |V^| 2 < gtf' o ^Vyf 

We deduce that the first integral of equality (fTOl) is bounded from below. 

-IIWll! < / V 2 H'op\W\ 2 dv 
Q Jm 

The first relation of J8)) and Cauchy-Schwarz inequality imply that the second integral of ([TO]) 
is bounded from below by: 

2 I r]H o <pV<p ■ Vridv = - f Ty/V/Vrydw > — ||/V7?|| 2 ||7jV/|| 2 
Jm Q Jm Q 

By the last relation in (JH), we have ipH o ip < f 2 . The two integrals in the right side in (fTUI) are 
bounded by: 



h 



<i^iii^iiK ( 2 r 2) ii^ii^+ii^ii P ii^iiW-i) 



- / (p N 1 i] 2 H o ipdv — I hipr] 2 H o ipdv 
Jm Jm 

where ||y||jv,r = §B P (r) i P N< ^ v - If we take together these estimates, equality (fTOl) becomes: 

(11) hV/ll 2 - 2[|/V»7[| 2 ||i/V/[| a <9(l^lll^llK { 2 7 2) ll^/ll^ + ll^llpll^ll2 P /( P -i)) 

Notice that for all nonnegative reel numbers a, b, c and d, iia 2 — 2ab < c 2 +d 2 then a < c+d+2b. 
Using this remark, inequality (fTTjl becomes: 

(12) \\ v vf\\ 2 < A /^I^Tll^H^ < &~ 2> 11^7^11^ -1- V^^ll^ 11 ^ 7 ^ 112 ^/^— ^> ^M^r^^iis 

By Sobolev embedding, we know that there exists a positive constant c, which depends only on 
n, such that 

MiV<c(||»/V/||2 + ||/V77|| 2 + ||»//|| 2 ) 

The choice of q (q < N) and inequality (fT2l) permit to write 

(13) (1 - c^/jV^|||^||^- 2) )||»7/lk < c(yGvjj%||7 / /||2 p/(p _ a) + 3||/Vr/|| 2 + H77/II2) 
We choose 5 sufficiently small such that 



when I goes to +00, we deduce that there exists a postive constant C, which depends on 
n, 5, H^Hoo, llVr/Hoo, \\h\\ p and \h\ such that 

||^lk, 25 <C(||^|| 2 + ||^|| 2p/(p _ 1) ) 
< iV and (p is bounded in L N , hence 

||y||gJV,25 < C 

If (r)i)i£i is a partition of unity subordinate to the covering {Bp i (<5)}j e j on M 

Hence c/? G L gAr with qN > N. The remark in the begining of the proof implies the theorem. □ 

Proposition 6. Let (M,g) be n— dimensional compact smooth Riemannian manifold. L := 
A g + h is a linear operator, with h G L P {M) and p > n/2. If the smallest eigenvalue A of L is 
positive then 

i. L est coercive, in other words there exists c > such that 

W G ffi(M) (LV,V)l 2 > cdlWHi + II^IH) 

ii. The opertor L : JEZf (M) — > W{M) is invertible. 

Proof. L admits a smallest eigenvalue because if A is an eigenvalue associated to the eigenfunction 
V> then there exists C > such that 

AIM! = {L^) L , = nv^lll + / > -II^IIpII^II^-d > -c\\h\\ P Ug 

JM 

Hence A > — C||/t|| p . If A is the smallest eigenvalue of L then 



¥>etfi(M)-{0} ll^l^ 



where 



E(ip) = {Lip, ip) L 2 = f I V<p\ 2 + hip 2 dv 

J M 

So, for any tp G Hi(M) 

(14) £(</>) > All^lH 

Suppose that L is non coercive, then there exists a sequence (VOieN in Hi(M), which satisfies 

E(if>i) < -(IIV^III + vol{M) 2 ' n ) and ||^||jv = 1 
1 

It implies 

(1 - -)Etyi) < — M / hiftdv 

1 1 1 J M 

because | f M htp 2 dv\ < \\h\\ n /2, limj^ +00 E(tpi) < 0. On other hands E(ipi) > A||^i||| with A > 0. 
Which is impossible. 

If Lip = 0, then, using (fTl^l . 9? = 0. So L is injective. 

Let / G L P (M). Let us prove that the following equation admit a solution ip G H P (M) 

(15) A<p + hip = f 

We minimize the functional E defined in the begining of the proof. Let define fj, as follow 

(16) ii = M{E(<p)/<p€H 1 (M), [ f<pdv = l} 

JM 

and (^)j e pj a sequence in H\(M) which minimizes E, then 

lim E(ipi) = fi and / ftpidv = 1 
i->+oc J M 



Without loss of generalities, we suppose that for any nonnegative integer i, E(tpi) < fj, + 1, It 
implies 

c(||v^||! + nv>ill!)<£(^)<M+i 

because L is coercive. We conclude that (ipi)ien is bounded in H\{M). The Kondrakov theorem 
and Banach theorem imply that there exists a subsequence (tpj)j £ ^ such that 

* ipj ip weakly in H\(M) 

* tpj — >• tp strongly in L S (M) for all 1 < s < N 

* tpj — ► tp almost everywhere. 

Then (tpj) converge strongly in L 2p /( p_1 )(M) because 2p/(p — 1) < N. So 



/ ftpdv = 1 and / htpjdv — > / htp 2 dv 
Jm Jm Jm 



The weak convegence in H\(M) and the strong convergence L (M) imply 

lim HV^-lla > ||VV|| 2 

We conclude that E(tp) < u, hence E(tp) = u. If we write Euler-Lagrange equation for tp, we 
find that it is a weak solution in H\(M) of equation (fT5l) . It remains to prove that tp £ H P (M). 

Suppose that tp £ L Si (M). Then hu £ L~p+^(M), Hence Au £ L^+h (M). Regularity theoremO 

assures that u £ H 2 P+Sl (M). We know that H%(M) C L S (M) if r < n/2 with s = nr/(n- 2r), 
and H 2 (M) C C l ~^- n / r ^^(M) if r > n/2. These inclusions imply the following results 

s = N 

u £ (M) where s i+1 = np _^ n)si if « < ^ 

If there exists i G N such that Sj > 2 p- n ' w ^ich is equivalent to > n/2 then u G C 0, ^(M), 
which implies Au G L P (M), hence u G H 2 (M). If there exists i 6 N such that Sj = 2 p- n then 
n G L°°(M) and we conclude by regularity theorem that u £ H 2 (M). Suppose that for any 
i £ N, Si < 2 p-n ■> ^ ne sequence (sj)jgN is increasing and bounded from above, it converges to 
s = which is impossible. □ 

Theorem 7. Let (M,g) be a n— dimensional smooth compact Riemannian manifold. For all 
e > 0, there exists A(e) > such that 

V<p G ffi(M) \\<p\\ N < (K(n,2) + e)\\V<p\\ 2 + A(e)\\<p\\ 2 

where N = and K(n, 2) = u~ 1/n 

The inequality of this theorem is a particular case of a more general one. More further details 
are given in the Aubin's book [2]. 

3. Existence theorem 
We consider the following equation : 

n+2 

(17) Agip + hip = hip«-2 

where tp £ H\(M), h £ L P (M) with p > n/2 and h is a reel number. As mentionned in the 
introduction, this kind of equation are called Yamabe type equation. In the particular case when 
h = jj0rpjRg, equation (fTTl) is the Yamabe equation (Q]). To solve this equation, we use the 
variational method. 

We define the energy E of tp £ H\(M) by: 

(18) E(tP) = [ |VVf + htp 2 dv 

5 



and we consider the fonctional L g denned for all if) G H\(M) — {0} by 
We denote 

(20) = inf IM) = inf E(if>) 

with N = -^V the main result of this section is 
Theorem 8. If p > n/2 and 

then equation (jTTJ) admits a positive solution <p G H^M) C C 1 ~^- n ^ p ^'^(M), which minimizes I g 
(i.e. E(tp) = p(g) = h and ||v||jv = lj- where (3 G (0, 1). 

To proof this theorem, we need the following lemma, proven by Brezis and Lieb[4] 

Lemma 9. Let (/i)ieN be a sequence of mesurable functions in (fi, 7/(/j)j g N is uniformely 

bounded in LP with < p < +oo and fi — > / almost everywhere, then 

.lim [||/i||J-||/i-/||j3 = H/II5 
Proof of theorem^ We check that ^(<?) is finite. In fact, using Holder inequality, we have 

Effl > -||*||»/alMlw 
we deduce that fj,(g) > — \\h\\ n /2 > —oo. 
Let (<^i)igN be a minimizing sequence: 

(21) E(ipi) = n{g) + o(l), II^Htv = 1 et ^ > 
Applying Holder inequality again for the equation above, we obtain 

livpiii! < W«/2 + m(^) + o(i) 

ll^illi < (vol(M)f/ n 

We conclude that (y»)igN is bounded in H\{M). Without loss of generalities, we suppose that 
there exists G H\(M) such that 

*: y>j — 1 (/? weakly in H\(M) 

*: ifi ^> (p strongly in L S (M) for any s G [1, iV) 

*: (pi <p almost everywhere 
We deduce that 

/ |/t||(/?i - ^| 2 du < ||/i|| p ||^i - vIlL/fp-i) strongly because 2p/(p - 1) < N 
Jm 

Let ipi = (pi — if, then — > weakly in Hi(M), strongly in L q (M) for any q < N. 
We have ||V<^*]|1 = ||V^i||| + \\V<p\\l + 2 f M VV>» • Vi^du. Hence 

£(^) = £(V2) + ||V^||| + o(l) 

We know that £?(</?) > MCflOllvlliv by definition of fJ,(g), and E(cpi) = fj,(g) + o(l) by definition of 
(¥>z)ieN- We conclude 

(22) MO/)ll* + l|V^i||i<//(^)+o(l) 
Using lemma [9] for (<Pi)i£N, we obtain 

(23) ||^||#+M|# + o(l) = l 

(24) N>i|& + 11* + o(l) >1 
Theorem [7] gives 

Hif N < (^ 2 (n,2)+e)||V^||i + o(l) 

6 



Inequality (|24l) becomes 

(K 2 (n, 2) + e)\\V^i\\l + \\<p\\ 2 N + o(l) > 1 
Using the last inequality in ([22]) , we obtain 

»{9)\W\\ 2 N + llVVilll < u(g)[(K 2 (n,2)+e)\\V^\\ 2 + + o(l) 

Finally 

[l-a{g){K 2 {n,2)+e)]\\V^\\ 2 <o{l) 

If /x(<?) < K~ 2 (n, 2), we can choose e such that the first factor of this inequality becomes positive. 
We deduce that (VOieN converges strongly to zero in Hi(M), ifi — > (p strongly in H\(M) and 
L N (M). Hence I g (tp) = /x(<?). 

We have just found a non trivial solution of the following Yamabe type equation 

Aip + hip = n{g)i> N ' 1 

which satisfies \\y\\ N = 1 and <p > 0. Theorem [5] implies ip £ Hf (M) C C 1- ["/ p ] ,/3 (M) and 
V? > 0. " □ 

4. The choice of the metric 

From now until the end of this paper, M is a compact smooth manifold of dimension n > 3. 
Denote by T*M the cotangent space of M. 

Assumption (H): g is a metric in the Sobolev space H 2 (M ,T* M <g) T* [ M) with p > n. There 
exists a point Pq £ M and 5 > such that g is smooth in the ball Bp (5). 

We can suppose that g is C 2 instead of C°° in this ball, but it is not an important point. 
Actually our objectif, in this section is to study the Yamabe problem when the metric g admits 
a finite number of points with singularities and smooth out side these points. The assumption 
(H) generalizes this conditions and define the notion of "singularities". 

By Sobolev embedding, flf (M, T*M®T*M) C C fl ^(M, T*M®T*M) for some £ (0, 1). Hence 
the metrics which satisfy assumption (H) are C l,/3 . The Christoffels belong to Hf C C@(M). 
Riemann curvature tensor, Ricci tensor and scalar curvature are in L p . An example of metric 
which satisfies assumption (H) is g = (l+d(Po, -) 2 ~ a ) m go where go is a smooth metric, a £ (0, 1) 
and d(Po, •) is the distance function. 

We obtain many results which are true for metrics in H\{M,T*M ® T*M), with p > n/2. In 
the assumption (iJ), we add the condition that p > n to have a continuous Christoffels for 
g £ Hl(M,T*M <g> T*M). The assumption (H) is sufficient to prove the Aubin's conjecture [2] 
(cf. theorem [21]) . and to construct the Green function of the conformal Laplacian (cf. section 
E|. 

We consider the following problem: 

Problem 10. Let g be a metric which satisfies the assumption (H). Does there exist a conformal 
metric g for which the scalar curvature Rg is constant ? 

It is clear that if the initial metric g is smooth then the problem above is the Yamabe problem 
[U which is completely solved. We will prove that the answer to this problem is positive. The 
following proposition tell us that the conformal class of the metrics is well defined when the 
metrics are in iJf . 

Proposition 11. Let g be a metric in H 2 and if> £ H 2 (M) a positive function. If p > n/2 then 

4 

the metric g = ip n - 2 g is well defined, and it is in the same space as g. 

Proof. Using Sobolev embedding, it is easy to check that H%(M) is an algebra for any p > n/2. 
This proposition is a consequence of this fact. □ 

7 
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In their paper [6] about the Yamabe problem, Lee and Parker proved that on every compact 
Riemanniann manifold (M,g), there exist a normal coordinates system {(U{, and metric 

g' conformal to g such that det g' = 1 + 0(|rr| m ) with m as big as we want. Cao [5] and Gtinther 
[8] proved that we can get detg' = 1. 

Definition 12. g is a Cao-Giinther metric if it is conformal to g and there exist a coordinates 
system such that det g = 1. 

Theorem 13 (Cao-Giinther). Let M be C a+2,13 compact manifold of dimension n with aEN, 
f3 G (0, 1), g be a C a+1 ^ — Riemannian metric , and P be a point in M . Then there exists a 
(ja+l,p —p 0S iti ve function if with (3' G (0, j3) such that det(ipg) = 1 in a normal coordinates 
system with origin P. 

Notice that if the metric g G H%(M,T*M ® T*M) with p > n then it belongs to C 1 ^ . Hence 
the manifold (M, g) admits a Cao-Giinther metric. It is not really useful to suppose that the 
metric is smooth in a ball, for the existence of this kind of metrics. 

5. Conformal Laplacian 

Definition 14. The conformal Laplacian of Riemannian manifold (M,g) is the operator L g , 
defined by : 

4(n - 1) 

It is known that the conformal Laplacian, when g is smooth, is conformally invariant. Actu- 
ally it verifies (I25p strongly. We prove that we have this property even when the metric is in 
H%(M,T*M ®T*M). 

Proposition 15. g G H%(M,T*M T*M) is a Riemannian metric on M with p > n/2. If 

4 

g = ijjn-2g j s a conformal metric to g with ip G H^M) and ip > then L is weakly conformally 
invariant, which means that 

n+2 

(25) Vuei?i(M) ip"-iLg(u) = L g {ipu) weakly 

Moreover if fi(g) > then the conformal Laplacian L g = A g + 4 ^~ 2 i) Rg is invertible and coercive. 

2n 

Proof. Recall that dv g = ip n ~ 2 dv and 

\/u,wEL 2 (M) (u,w) g L 2 = / uwdvg 

Jm 

is the scalar product in L 2 (M) with the metric g. 
For all u,w G H X {M): 

2n 

(iJ;"-*LgU,w) g>L 2 = (LgU,w) 9tL 2 

f n — 2 

= I 5(Vu,Vu>) + — — Rguwdv-g 

Jm 4(n-l) 

f 2 n — 2 n + 2 

= / ipg(Vu,Vw) + — — R g ?p™- 2 (uwip)dvg 

We know that the scalar curvatures R g and R g are related by Yamabe equation JT|), which is 
equivalent to 



Lgrf = 77 TT^sV'™ -2 weakly 



Tl — 2 _ , n + 2 

4(n - 1) 
then 

Tl — 2 n + 2 

(L g lp,UWTp)g tL 2 = ^ _ {Rg^ n ' 2 , UU!^)g,L' 2 



M 



(26) _ f nft7 , u yjr^M ^ n ~ 2 



Hence 

2n r „ n — 2 

(ip™-2LgU,w) giL 2 =j__'4' ff(Vit, Vw) + g(Vip, V(uwip)) + ^ _ Rgip(uwip)dv g 

g(V(ilm),V(vnl>)) + !" " ' R g (ipu)(wip)dv g 

M 4 l n ~ -U 

We used the fact that uip and rt;^ belong to Hi(M), indeed we have the the following Sobolev 
embedding 

H|(M) C C [ n / p l'^(M), H{{M) C L~(M) and Hi(M) C L^(M) 

Let us prove that L ff is invertible and coercive. Let A be the smallest eigenvalue of L g with 
positive eigenfunction ip E H\(M), then 

= ( L g<P,<P)g,L2 = -^MIMIat > K9)\\<p\\n > 
hence A > 0. We conclude the result, by applying proposition [6l 



□ 

6. Yamabe conformal invariant 

In the case of smooth metrics, n(g) is conformally invariant, which means that if g and g are two 
smooth conformal metrics then fj,(g) = fx{g). The next proposition shows that we can extend 
this property to metrics in H^. 

4 

Proposition 16. Let M be a smooth compact manifold of dimesion n > 3. Let g and g = ip n - 2 g 
be two metrics in H^, with ip £ fl|(M) positive, if p > n/2 then 

Proof. Let u G H\(M) be test function for the Yamabe functional I g . Notice that E(u) = 
(L g (u),u) gtI j2. then 

I g (u) = (L g (u),u) gtL 2\\mp\\x 2 
Using proposition [HI we deduce that 

Ig{u) = (L g (lpU),1pu)g yL 2\\uip\\^ 2 

Finally 

(27) I g (u) = I g {^u) 

Which implies that fi{g) = fi(g)- So this invariant depends only on the conformal class [g] and 
the manifold M. □ 

7. Green Function 

Definition 17. Let (M,g) be a compact Riemannian manifold and P be a point in M. We call 
Gp the Green function on P of the linear operator L, if it satisfies 

LG P = 5p(^Vf GC°°(M) (G P ,Lf) = f(P)) 

Proposition [18] shows the existence of such function for the operator L = A + h with a positive 
continuous function h. Unfortunately, the method used to construct this function doesn't work 
when h belongs to LP(M). This case holds for the conformal Laplacian operator L g , because 
R g 6 LP(M). But, using proposition [TH we construct this function and we obtain corollary l20l 

Proposition 18. Let h be a positive continuous and P £ M . g is a metric satisfying assumption 
(H). There exists a unique Green function Gp for the operator L = A g + h which satisfies 
LGp = 5p and 

(i) Gp is smooth in Bp Q (5) — {P} 
(ii) G P £ C 2 (M - {P}) 

9 



(in) There exists c> such that for any Q £ M - {P}, \G P (Q)\ < cd(P, Q) 2 ~ n 

Proof. Gp is unique because L is invertible. In fact, if A is an eigenvalue of L and (p is a positive 
eigenfunction associated to A then 

\\\ip\\l = (L<p,<p)v=E(tp)>0 

Hence A > 0. To conclude, it is sufficient to apply proposition El For the existence of such 
function, we follow Aubin's [2] construction for the Laplacian, in the case of smooth metrics. 
We choose a decreasing positive smooth radial function /(r), equal to 1 for r < 5/2 and zero for 
r > 8{M) the injectivity radius of M . We define the following functions 

H(P, Q) = -r^- r 2 "" with r = d(P, Q) 

T\P,Q) = -L Q H(P,Q) 

\/i £ N* T i+1 (P,Q)= [ r(P,5)r 1 (5,Q)dw(5) 

Jm 



Then 



We show that 



\T\P,Q)\<cd{P,Q) 



2-n 



Vi > 1 \^{P,Q)\ < < 



cd(P, Q) 2i ~ n if 2i < n 

c(l + log d(P,Q)) H2i = n 

c if 2% > n 



In the last case P is continuous. 

More details are given in Aubin' book [2J. 

The Green function of L is given by 



(28) 

where Fp satisfies 



G P (Q) = H(P, Q) + V / r (P, Q)d«(5) + F P (Q) 



LF P = T k+1 {P,-) 



We choose = [n/2], T k+1 (P,-) is continuous. Regularity theorem [3] implies that Fp is C 2 . 

(i) L g Gp = in Bp (5) — {P} and the metric is smooth on B Po (S), regularity theorem assure 
that G P is smooth on B Po (5) - {P}, with P G M. 

(ii) We have also LG P = in M - {P}. We conclude that G P is C 2 in M - {P}. 

(m) In the expression (f28l) . we notice that the leading term, in the neighborhood of P, is 
H(P, Q), then for all P ^ Q, 

\G P (Q)\<cd(P,Qf- n 

□ 

4 

Proposition 19. Let g be a metric in H%(M, T*M (g> T*M), g = i/j n ~ 2 g is conformal to g with 
tp £ H^M) positive and p > n/2. We suppose that L- g admits a Green function on P, denoted 
Gp, then L g admits a Green function, denoted Gp and it is given by 



VQgM-{P} Gp{Q) = ^{P)^{Q)G P (Q) 

10 



Proof. For any function ip G C°°(M): 



(${P)il>Gp,L g <p) g = WP) / G P ^L fl [^)]ch; fl 

Jm W 



i>{P) [ GpLg^dVg 

Jm ip 



^(P){G P ,L g ^) g 



= V(P) 

The second equality above is obtained by the weak conformal invariance of the conformal Lapla- 
cian (see proposition [151) , We know that for any Q G M — {P} 

\G P (Q)\<cd(P,Q) 2 - n 

then G P G L S (M), for any s G [l,n/(n - 2)) and G L*>(M) with p > ra/2. We choose s 
such that (Gp, L g ^) g is finite. Hence the third equality is well defined. □ 

Corollary 20. g is a Riemannian metric, satisfying assumption (H). If fj,(g) > then the 
conformal Laplacian L g admits a Green function Gp which satisfies LGp = 5p Q and 

(i) Gp is smooth in Bp Q [S) — {Po} 
(ii) G Po G Hi [M - B Po (r)) for any r > 0. 

(Hi) There exists c > such that for any Q G B Po (5) - {Po}, \Gp (Q)\ < cd(P , Q) 2 ~ n 

Proof. n(g) > 0, L g is invertible. We deduce that L g admits a unique Green function. Using 
standard variational method (see the proof of poroposition [6] ), we can show that the equation 

n - 2 
4(n 

admits a positive solution tp G H^M) when 2 < q < JV, with 



(29) a 9 v + Mn _ 1) R 9 ^ = 



N,G{9) = mi 777775" 

Moreover, g is smooth in Bp (5), regularity theorem shows that tp is also smooth in the same 

4 

ball. The metric g := ip n ~ 2 g satisfies assumption (H). Using Yamabe equation (pQ), we deduce 
that the scalar curvature of g is 

4(n - 1) N 
R 9 = n _ 2 

Hence R g is positive continuous because fj, q) G(g) > 0. Now, we are able to use proposition 
[T8l which assure the existence of the Green function Gp for L g with the metric g. using 
proposition fT9l we conclude that Gp = ip(Po)ipGp is the Green function of L g . The metrics g 
and g are smooth in Bp (5) and Gp satisfies the properties of proposition [T8l then the properties 
announced for Gp are valid. □ 

8. Existence theorem 

Theorem 21. Let M be a smooth compact manifold of dimension n > 3, g is a Riemannian 
metric which satisfies the assumption (H). If (M,g) is not conformal to the sphere (S n ,g can ) 
then fj,(g) < K~ 2 (n,2). 

This theorem assure that Aubin's conjecture [2] still valid for any metric satisfying the assumption 
(H). 

To prove this theorem, we use the results of Aubin and Schoen, when the metric g is smooth. 
The strategy is the following: we construct a test function for the functional I g , with a support 
in small geodesic ball. Then the problem is local. We know that the metric g is smooth in 
Bp (5), so the proof of this theorem is the same as when the metric is smooth everywhere (this 

li 



is the point where we need the assumption : g is smooth in Bp Q ($)). After, we consider Aubin 
and Schoen's test functions. 

We need also the following result obtained by Aubin [3], for the Green function of L g : 

Theorem 22. If g is a Cao-Giinther metric, L g is invertible and the normalized Green function 
Gp have the following expression 

G Po (Q) = r 2 - n + A + 0(r) 

in a neighborhood of Po with r = d(Po, Q), then A > 0, except if (M, g) is conformal to (S n , gcan) 
for which A = 0. 

Proof of theorem \21l If p(g) < then the inequality is obvious. From now until the end 
of the proof, we suppose that p(g) > 0. without loss of generalities, we suppose that g is a 
Cao-Giinther metric given in theorem [T3l In fact, p(g) is conformally invariant (see proposition 

USD- 

There are two cases which can happen : 

(a) The case (M,g) is not conformally flat in a neighborhood of Po and n > 6. We define 
(p E = r]V £ , rj is a cut-off function with support in Bp (2e), rj = 1 in Bp (e), 2e < 5 and 



n — 2 
2 



suppip C Bp (S) and the metric g is smooth in this ball, we obtain the following lemma (see 
Aubin |1J): 



Lemma 23. 

K- 2 (n, 2) - c\W g (P )\ 2 e 4 + o(e 4 ) si n > 6 
where \ W g {Po)\ is the norm of the Weyl tensor on Pq 



M (<?) < I g (<p e ) < . r _ 2 ^ ^ _ c|Tyg(j p o)| 2 e 4 lQg I + 0(e 4j Sln = 6 



( Lee et Parker [6J gave a simple proof of this lemma, using the conformal normal coordinates 
on Po)- Using this lemma, we conclude that fi(g) < K~ 2 (n, 2). 

(b) The case (M, g) is conformally flat in a neighborhood of Po or n = 3, 4 or 5. In this 
coordinates system, the Taylor expansion of the Green function is: 

G Po (Q) = r 2 - n + A + 0(r) 

with r = d(Po, Q) (see Lee and Parker's paper |6j for the proof of this expansion). 

If g satisfies assumption (H) and (M,g) is not conformal to (S n ,g can ), then theorem 1221 assure 

that A > 0. Hence we can consider Shoen's test function ip e , defined for any Q E M by: 

v e (Q) if Q eB Po ( Po ) 
Ve(Q) = I s [G Po - rj(G Po - r 2 ~ n - A)]{Q) if Q € Pp (2p ) - Pp„(po) 
s G Po (Q) if Q € M - B Po (2p ) 

with 2po < <5, ( sr 2 )("~ 2 ) //2 = £o(Po _n + an( ^ ^ i s a smooth nonnegative decreasing function 

on M + , with support in (—2pQ,2po), equal to 1 in [0, po], the gradient |Vr/(r)| < p^ 1 . g is smooth 
in Bp (2po) C Bp (5) and Gp G H 2 (M — Bp (po)) (see corollary |2TI|) . then we have the estimate 
of p(g), obtained by SchoenfH]: 

Lemma 24. 

p(g) < I g {y £ ) < K~ 2 (n, 2) + ce 2 (cp - A) 

The fact that A > allows us to choose po sufficiently small (cpo < A) such that p(g) < 
K- 2 (n,2). 

□ 
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Now, we can state the main theorem which solves the problem [10] for any metric which satisfies 
assumption (H). 



Theorem 25. Let M be a smooth compact manifold of dimension n > 3 and g be a metric 
satisfying assumption (H). There exists a metric g conformal to g such that the scalar curvature 
Rg is constant everywhere. This metric solves the problem [TR 

It means that we can always solve the equation of type Yamabe (fl7l) when h = 4 ^~ 2 -^ R g . 

Proof. If (M,g) is conformal to (S n ,g can ) then the result is obvious because the scalar curvature 
of (S n ,g can ) is constant. Otherwise (M n ,g) is not conformal to (S n ,g can ). In this case, we have 
the inequality 

M < K-\n,2) 

given by theorem EU Using theorem [8] we get a positive solution ip £ H^M) of (fl7l) . where 
h = 4 ("1 2 1 ) Rg and h = fJ,(g). Using Yamabe equation JTJ), we deduce that the metric g = ip^^g 
has a constant scalar curvature R g = 4 ^~^ //(ff), □ 

9. Uniqueness of solutions 

When the metrics are smooth, if fj,(g) is nonpositive then the solutions of the Yamabe equation 
(PQ) are proportional. The following theorem generalizes the uniqueness theorem in the singular 
case. 

Theorem 26. Let g be a metric in H%(M,T*M ® T*M), with p > n. If fj,(g) < then the 
solutions of are proportional. 

4 

Proof. Let ip\ and tp2 two positive solutions of {1]). The metrics gi = ^p"~ 2 g have a constant 
scalar ci 
satisfies 

(3°) A -* + 4(^y^=4(^y^ 

By regularity theorem [3J we deduce that ip is C 2,13 because the coefficient of the Laplacian are 
C . In fact, in a local coordinates system : 

A g ip = -ViV> = -g ij {di^ - r^ fc v) 

and the Christoffels are in Hf(M) then continuous if p > n. In other hands, notice that R±, R2 
have the same sign. Hence, if fi(g) < then Ri < for i = 1 and 2. Let Q\ £ M (resp. Q2 G M) 
be a point for which ip is maximal (resp. minimal ). Then A ff2 ^(Qi) > and A 92 -0(Q2) < 0. 
Hence, if we evaluate equation (|30]) at Q\ and Q2, we obtain : 



4 

scalar curvatures Ri, where i = 1 or 2. Define if) = then g\ = V"" 2 92- It implies that if) 

n — 'l „ , n — 2 „ , n+2 

-2 



^(Qi) < ^ and ^^(Q 2 ) > ^ 
ill -Kl 

We conclude that ip = (fi and 992 are proportional. 

If /i(^) = then R\ = R2 = and ([BH]) becomes A S2 -(/> = 0, hence tp is constant. □ 
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